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^ ■ Abstract 
(N 

Z-mapping graph is a balanced bipartite graph G of a digraph D by spht each 
vertex of D into a pair of vertices of G. Based on the property of the G, it is proved 
that if D is strong connected and G is Hamiltonian, then D is Hamiltonian. It is 
also proved if D is Hamiltonian, then G contains at least a perfect matching. Thus 
O . some existence sufficient conditions for Hamiltonian digraph and Hamiltonian graph 

are proved to be equivalent, and two sufficient conditions of disjoint Hamiltonian 
digraph are given in this paper. 
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Q , 1 Introduction 



It is well know that sufficient conditions for Hamiltonian cycle is study in 
graph always precede the digraph [Jorgen . For instance the famous Dirac 
condition is presented in 1952. 

Theorem 1 IDirac^ Let G be a graph with n > 2 vertices. If d{u) > n/2 for 
every vertices, then G is Hamiltonian. 

The similar sufficient condition for digraph is presented in 1960. 

Theorem 2 /C/tom/a]/ Let D be a strong connected digraph with n > 2 ver- 
tices. If d{u) > n for every vertices, then D is Hamiltonian. 

It is not difficult to find that the degree in digraph is large twice than in undi- 
rected graph. Thus, we can think that the sufficient conditions of Hamiltonian 
digraph and the Hamiltonian graph have some relationship. 
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In this paper, A relationship is discover by a mapping between digraph and 
graph, which is named as Z-mapping graph [Zhulj . The first this term is called 
"projector graph" when restrict the digraph with degree bound two [ Zhu ] . 
Based on this bijection, it is easy that some pervious sufficient conditions for 
Hamiltonian digraph and Hamiltonian graph are equivalent in the degree. And 
two disjoint Hamiltonian digraph is easy determined from the disjoint perfect 
matching bipartite graph. 

Throughout the paper, we stick to the graph terminology and notation as given 
in [Hararyl and |Zhulj and focus on only finite simple (un)directed graph, i.e. 
the graph has no multi-arcs and no self loops. However, it need to recapitulate 
the cycle definition in graph and digraph with matrix forms respectively. 

Definition 3 A simple cycle L in digraph is a set of arcs (ai, 02, . . . , a/), 
the incidence matrix C could be permutated by row or column exchange to 
following forms 
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Definition 4 A simple cycle L in graph is a set of edges (ei, 62, ... , ei), the 
incidence matrix C could be permutate by row col exchange to following forms 



C = 



^10 0. 
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The cycle definition responses to an edge set of G, which is easy to build a 
mapping from matching which is another definition on an edge set of graph 
G. 
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2 Z-mapping 



Firstly, let us recapitulate the incidence matrix divided method in [Zhulj . 
which divided the incidence matrix C of a digraph into two groups. 

= {cij\cij > otherwise } (3) 

C~ = {cij\cij < otherwise } (4) 



Secondly, let us combine these two matrices into a matrix. 

Definition 5 Let C be a incidence matrix of digraph D, the Z-mapping graph 
of D, denoted as Z{D), is defined as a balanced bipartite graph G{X,Y : E) 

with a incidence matrix F = 



In fact, it is a isomorphism build from D{V, A) to G{X, Y; E). Let the = 
{v^} represents the vertices in C"*" and the V~ = {v^} represents the vertices 
in C~ . More precisely, the mapping D(y,A) — > G(y~^ ,V~; E) defines a map 
from arcs of D to edges of G: 

E = {{vt,vj)\ <vi,vj>e A}. (5) 




Based on the same principle, we also define a reverse mapping from a simple 
balance bipartite graph G to a simple digraph D. 

f-':GiV^,V-;E)^D{V;A) (6) 



this function is a reverse function of the equation O 

A = {< x,y > \{x,y) e E Ax eV^ Ay eV'}. (7) 



Thus first main result is follows: 

Theorem 6 Given a Z-mapping graph G of a strong connected digraph D, if 
G is Hamiltonian, then D is Hamiltonian. 
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PROOF. Suppose the G has a Hamiltonian cycle L and the response inci- 
dence matrix is a 2n x 2n matrix C . 
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And divide C to two groups: Ci and C2, where 

Ci = {ci\i is odd} 
C2 = {ci\i is even} 

Let C" = Ci — C2. Then obtain a matrix n x 2n. 
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After the column from C with all zero is removed. Then a new matrix n x n 
is obtained. This matrix satisfies the cycle equation [H 



The second main result is follows: 

Theorem 7 Given a Z-mapping graph G of a digraph D, if D contains a 
Hamiltonian cycle L, then G contains a perfect matching M, where M = 
F{L). 



PROOF. Suppose that D has a Hamiltonian cycle L, then D has a sub 
incidence matrix as equation [1] According to the divided matrices approach, 
the response Z-mapping graph G{X, Y; E) is a 1-regular bipartite graph, thus 
Vx G X |A^(a;)| = |X|, thus according to the Hall [Hall] rules, the graph z- 
mapping graph G is a perfect matching. 
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3 Sufficient conditions from Hamiltonian Graphs to Digraphs 



According to the theorem El the theorem [2] can be directly generated from 
theorem [H As the Dirac theorem has extended to the d{u) < n/2 case by the 
Faudree etc. as foUows. 

Theorem 8 IFaudre^ Let GiV, E) he a graph with n > 2 vertices and a subset 
S = {v : d{v) < ^} of V , if k is the minimum degree of G, and \S\ < k — 1 
then G is Hamiltonian. 

Thus as the theorem [6l it can be derived to a new theorem. 

Theorem 9 Let D be a strong connected digraph with n > 2 vertices and 
S = {v : d{y) < n} . if k is the minimum degree of D, and < A; — 1, then 
D is Hamiltonian. 

In fact, Moon and Moser |Moonj have presents a theorem for similar sufficient 
condition on bipartite Hamiltonian graph. 

Theorem 10 IMoon^ Let B be 2n balance bipartite graph, where 1 jkjn, if 
the number of vertices S = {v : d{v) < k} k < n is less than n, then B is 
Hamiltonian. 

In [Moon], Moon and Moser also presented a theorem for balanced bipartite 
graph as follows. 

Theorem 11 IMoonf Given a balanced bipartite graph with 2n > 2 vertices, 
for all vertices if d{u) > ^, then G is Hamiltonian. 

It is easy to find that the theorem [11] could derive a sufficient condition 
d'^{u) + d~{u) = d{u) > n for Hamiltonian digraph, but this is not precede 
the theorem [21 

Since a Hamiltonian cycle consists of two independent perfect matching in 
balanced bipartite graph. Thus a sufficient condition for Hamiltonian digraph 
as follows. 

Corollary 1 Given a strong connected digraph with n > 2 vertices, for all 
vertices ifd^{u) > | andd~{u) > | , thenD contains two disjoin Hamiltonian 
cycle. 
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4 Sufficient conditions from Hamiltonian digraph to perfect bipar- 
tite graph 

The relation perfect matching and cycle . For instance, in 1972, Las Verganas 
obtained the following results: 

Theorem 12 IVergana^ Let G{X, Y; E) be a balanced bipartite graph with 
2n > 2 vertices. For all vertices u E X , v & Y , {u,v) ^ E, If d{u) + d{v) > 
n + 2, then every perfect matching in G is contained in a Hamiltonian cycle. 

According to theorem [6l it could derived a sufficient condition for Hamiltonian 
digraph from Ore conditions |Ore] such as d{u) + d{v) > n, but Woodall had 
obtained a more strict sufficient condition. 

Theorem 13 IWoodalU^ Let D be a strong connected digraph with n > 2 ver- 
tices. For all vertices u,v,< u,v >^ A, If d'^{u) + d^{v) > n, then D is 
Hamiltonian. 

Combination these two theorems, we could get two interesting results. 

Corollary 2 Let DiV^ A) be a digraph with n > 2 vertices. For all vertices 
u,v , < u,v >^ A, If d^{u) + d~{v) > n + 2, then D contains at least two 
disjoin Hamiltonian cycles. 

Corollary 3 Let G{X, Y; E) be a balanced bipartite graph with 2n > 2 
vertices. For all vertices u E X , v eY , {u,v) ^ E, If d{u) + d{v) > n, then 
G contains at least one perfect matching, if If d{u) + d(v) > n + 2, then G 
contains at least two disjoin perfect matchings. 
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